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
7KHVHWULDGVZLOOWKHQLQGXFHWKUHHPDLQVWUHVVOLQHVRIIRUFH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SDVVLQJWKURXJKWKHFRQVLGHUHGSRLQW%DQGODLGLQYHUWLFDOSODQHVSDVVLQJWKURXJKWKHD[LVRIFROXPQ7KLVOHDGVWRD
EXQGOHRIYHUWLFDOSODQHVWKHQXPEHURIWKRVHLVλଵZKLOHRQHUHJXOXVRIPDLQ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VWUHVVFXUYHV
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FDPEHU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IURPWKHKRUL]RQWDOD[LVZRXOGEH³DOLWWOH´OHVVWKDQߨ Ͷൗ IRUDQXQGHUUHLQIRUFHGVODEEXWDOLWWOHPRUHWKDQߨ Ͷൗ IRUD
PRUHKHDYLO\UHLQIRUFHGVODE1RWHWKDWDVDUXOHWKH³H[DFW´ORFDWLRQRIIDLOXUHRULWVGHIOHFWLRQLVKDUGO\GHWHUPLQHG
LQDGYDQFHZKLOHLWZRXOGEHPRUHWKDQUHOLDEOHWRSUHGLFWWKHDUHDRIWKHOLNHO\RFFXUUHQFH
:KHWKHUDEHDPOHVVVODEQHHGVWREHUHLQIRUFHGLQORFDOVXSSRUWFROXPQVXVLQJVRFDOOHGFROXPQKHDGVRUQRWZLOO
GHSHQGRQVODE ORDG LQWHQVLW\VODE WKLFNQHVVGLDJRQDOGLPHQVLRQVRIFROXPQVDVZHOODV WKHLU OD\RXW UDVWHUL]DWLRQ
PHWULFVTXDOLW\RIXVHGFRQFUHWHDQGTXDOLW\RIVWHHOILWWLQJV'HVLJQSULQFLSOHVDQGXVHGVKDSHVRIIODWVODEKHDGVDUH
IRUH[DPSOHSURYLGHGLQ>@>@
5HLQIRUFHG&RQFUHWH&LUFXODU&ROXPQ+HDG6KDSH'HVLJQDQG$QDO\VLV
6XSSRVHWKHGHVLJQRIDEHDPOHVVUHLQIRUFHGFRQFUHWHVODEZLWKWKLFNQHVV݄௢WKDWLVORFDOO\VXSSRUWHGE\UHLQIRUFHG
FRQFUHWHFROXPQVSLHUVZLWKUDGLXVݎ௢7KLVVODELVIXOO\DFFHSWDEOHH[FHSWIRUVRFDOOHGSXQFKLQJYHU\FORVHWRWKH
VXSSRUWLQJSRLQWV7KLVIDFWZLOOUHTXLUHWRILWWKHFLUFXODUFROXPQZLWKDFROXPQKHDGZKLFKDOORZVORFDOUHLQIRUFHPHQW
RIVODEZLWKDNLQGRIKDXQFK,QIDFWWKHFROXPQVKDSHVXJJHVWVDVXLWDEOHW\SHRIWKHFROXPQKHDGVXSSRVHLWVPRVW
VLPSOHDOWHUQDWLYH± VRFDOOHG VLPSOHFRQLFDO FROXPQKHDGZLWK WKHKHLJKW݄ଵ)XUWKHU DVVXPH WKHPD[LPXPVODE
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ͳWRWKHYHUWLFDOFLUFXODUF\OLQGULFDOVXUIDFHRIFROXPQSHQHWUDWLRQWKURXJKVODEDQGWKHFROXPQKHDGVL]HRIܨ௢ ൌ
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FRQGLWLRQ݂Ȁሺݎሻ ൌ ͲWREHPHW&RQVHTXHQWO\IROORZLQJDVKRUWHUVLPSOLILFDWLRQWKHUDQJHRIIXQFWLRQH[WUHPXP
FDQEHGHWHUPLQHGQDPHO\
ݎכ ൌ ଵ
ଶ
ή ቂቀ௛೚
௛భ
൅ ͳቁ ή ݎଵ െ ݎ௢ቃ  

,WVHHPVWKDW݂ȀȀሺݎሻ ൌ െʹ ή ሺ݄ଵ ݎଵሻΤ ൏ ͲVRWKHIXQFWLRQUHDFKHVLWVPD[LPXPDWWKHSRLQWݎכ&RPELQLQJDQG
WKHQVLPSOLI\LQJDQGZHFDQGHULYH
ݎכ ൌ ௥೚
ଶήఓభ
ή ቄ௛భ
௛೚
െ ሺߤଵ െ ͳሻ ή ቂʹ ൅
௛೚
௛భ
ቃቅ ് ௥భ
ଶ
  

6SHFLILFDOO\IRUߤଵ ൌ ͳݎଵ ൌ ሺݎ௢ ݄଴Τ ሻ ή ݄ଵDSSOLHVWRݎଵXQGHUWKXVERWKDQGZLOOUHVXOWLQݎכ ൌ ሺݎଵ ʹΤ ሻ
Figure 2VKRZVWKHSDUDEROLFEHKDYLRXURIWKHIXQFWLRQZKLOHLWLVREYLRXVDVWKHSDUDPHWHUߤଵULVHVDERYHWKH
XQLWWKHSHDNPD[LPXPLVJHWWLQJFORVHUWRWKHVWDUWSRLQWORIWKH&DUWHVLDQFRRUGLQDWHV\VWHPሼܱǢ ݎǢ ݂ሺݎሻሽ
1RZLWZRXOGEHXSWRWKHUHDGHUWRFKHFNWKHPVHOYHVRUGHWHUPLQHWKHYDOXH ௠݂௔௫ ൌ ݂ሺݎ ൌ ݎכሻIRUߤ௢ ൌ ͳVHH
EHORZIRUPRUHGHWDLOVDVZHOODVߤଵ ൐ ͳ


)LJ)XQFWLRQ݂ሺݎሻEHKDYLRXUIRUVDIHW\IDFWRUVߤଵ ൌ ߤ௢ ൌ ͳDQGIRUߤଵ ൐ ͳ
7KHDIRUHPHQWLRQHGLPSOLHVWKDWWKHVDIHW\IDFWRUߤLVH[SHFWHGWRLQFUHDVHZLWKGLVWDQFHIURPWKHVWDUWSRLQWORI
WKHV\VWHPሼܱǢ ݎǢ ߤሺݎሻሽRIFRXUVHWKHUHZLOOEHQRLQFUHDVHLQVSHFLDOFDVHߤ ൌ ߤ௢ ൌ ͳ ൌ ݋݊ݏݐǤZKLOHLQJHQHUDO
³PRQRWRQLF´LQFUHDVHRIWKHIXQFWLRQߤሺݎሻLVH[SHFWHGZKHUHLWSDVVHVWKURXJKSRLQWV2DQGሺݎଵǢ ߤଵ ൒ ͳሻDQGVXSSRVH
WKDWYDOXHߤଵ LVZHOOHVWLPDWHG7KHUHDGHUPD\HDVLO\FKHFNWKDWIRUH[DPSOHߤሺݎሻ ൌ ͳ ൅ ሺሺߤଵ െ ͳሻ ݎଵΤ ሻ ή ݎZLOO
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DSSO\LIOLQHDULQFUHDVHRIWKHIXQFWLRQߤሺݎሻLVHQYLVDJHGLQFDVHRISDUDEROLFLQFUHDVHߤሺݎሻ ൌ ͳ ൅ ሺሺߤଵ െ ͳሻ ݎଵଶΤ ሻ ή
ݎଶFDQEHH[SHFWHGZKHUHݎଵLVXVHGIRUERWKIRUPXODVDERYHDVSURYLGHGLQWKHUHODWLRQ,WVKRXOGEHSRLQWHGRXW
WKDWWKHYDOLGLW\RIFRQVLGHUHGIXQFWLRQVߤሺݎሻLVRQO\H[SHFWHGIRUWKHLQWHUYDOݎ א ۃܱǢ ݎଵۄ
1RZLWZRXOGEHXVHIXOWRH[DPLQHKRZWKHVL]HRIJHQHUDO³ILFWLWLRXVSHQHWUDWLRQVXUIDFH´ܨሺݎሻ ή ߤሺݎሻZLWKLQWKH
LQWHUYDOݎ א ሺܱǢ ݎଵሻGLIIHUVIURPWKHDERYHFRQVLGHUHGVL]HVRIILFWLWLRXVVXUIDFHVܨ௢ ή ߤ௢ ൌ ܨ௡ ή ߤଵ%\DSSOLFDWLRQRI
WKHUHODWLRQVKLSDQGOLQHDUIXQFWLRQߤሺݎሻ ൌ ͳ ൅ ݇ ή ݎZKHUH݇ ൌ ሺఓభିଵሻ
௥భ
RUTXDGUDWLFIXQFWLRQߤሺݎሻ ൌ ͳ ൅ ܽ ή ݎଶ
ZKHUHܽ ൌ ሺఓభିଵሻ
௥భ
మ WKHIROORZLQJHTXDWLRQFDQEHGHULYHG
ܨሺݎሻ ή ߤሺݎሻ ൌ ሾܨ௢ ൅ ʹ ή ߨ ή ݂ሺݎሻሿ ή ሺͳ ൅ ݇ ή ݎሻ ൌ ܨ௢ ή ሺͳ ൅ ݇ ή ݎሻ ൅ ʹ ή ߨ ή ݂ሺݎሻ ή ሺͳ ൅ ݇ ή ݎሻ ൒ ܨ௡ ή ߤଵൌ ܨ௢ ή ߤ௢
RUMXVWEULHIO\
ܨሺݎሻ ή ߤሺݎሻ ൌ ሾܨ௢ ൅ ʹ ή ߨ ή ݂ሺݎሻሿ ή ሺͳ ൅ ܽ ή ݎଶሻ ൒ ܨ௢ ή ߤ௢ ൌ ܨ௡ ή ߤଵ
EHFDXVHݎ ൒ ͲǢ ݇ ൒ ͲǢ ܽ ൒ Ͳ
%RWKUHODWLRQVDERYH±ZKLFKFDQEHJHQHUDOL]HGIRUVLPLODULQFUHPHQWDOIXQFWLRQVRI³VDIHW\IDFWRUV´ߤሺݎሻ±VKRZ
WKDWLQWKHRU\HDFKYHUWLFDOFLUFXODUF\OLQGULFDOSHQHWUDWLRQRIWKHFROXPQKHDGLQTXHVWLRQFRD[LDOZLWKWKHFROXPQ
D[LVLVVDIHUWKDQDQDORJLFDOSHQHWUDWLRQVL]HVܨ௢RUܨ௡VHHDERYH1HYHUWKHOHVVGHWDLOHGH[DPLQDWLRQRI³H[WUHPHO\
PD[LPXP VDIH SODFH´ DV SHU WKH QHFHVVDU\ FRQGLWLRQ݀ ݀ݎΤ ሾܨሺݎሻ ή ߤሺݎሻሿ ൌ Ͳ ZRXOG EH TXLWH ODERULRXV LQ WKH
DOJHEUDLFUHVSHFW7KHUHIRUHLWFDQEHRQO\UHVWULFWRXUVHOYHVWRWKH³VDIHVW´DOWHUQDWLYHRIVDIHW\IDFWRUߤ௢ ൌ ߤଵ ൌ ͳ
WKHIXQFWLRQPD[LPXPܨሺݎሻXQGHUZLOOEHݎכ ൌ ݎଵ ʹΤ ൌ ݎ௢ ή ݄ଵ ʹ ή ݄௢Τ QDPHO\IROORZLQJUHOHYDQWVXEVWLWXWLRQ
DQGVLPSOLI\LQJ݉ܽݔܨ ൌ ܨሺݎ ൌ ݎଵ ʹΤ ሻ ൌ ܨ௢ ൅ ʹ ή ߨ ή ௠݂௔௫Ǥ ൌ ܨ௢ ൅ ሺߨ ʹΤ ሻ ή ݎଵ ή ݄ଵ ൐ ܨ௢ ൌ ܨ௡KHQFH ௠݂௔௫ ൌ ሺͳ ͶΤ ሻ ή
ݎଵ ή ݄ଵVHHFigure 2.
2SWLPL]LQJWKH6KDSHRI5HLQIRUFHG&RQFUHWH6LPSOH+HDGIRU&LUFXODU&ROXPQ
$VSUHYLRXVO\PHQWLRQHGLIZHDSSO\WKHVDIHW\IDFWRUߤ௢ ൌ ͳLVDSSOLHGWRWKHIDFHRIFLUFXODUFROXPQSOXVWKH
VDIHW\IDFWRUߤଵ ൐ ͳDWWKHEHJLQQLQJRIKDXQFKRIDVLPSOHFRQLFDOFROXPQKHDGWKHQWKHVL]HVRIILFWLWLRXVSHQHWUDWLRQ
VXUIDFHVRIVXFKFROXPQKHDGZLOOEHܨ௢ ή ߤ௢ ൌ ܨ௡ ή ߤଵ ൏ ܨሺݎሻ ή ߤሺݎሻIRUERWKSRLQWVFRQFHUQHGJLYHQLQFUHDVHRIWKH
IXQFWLRQߤሺݎሻIURPߤ௢ ൌ ͳWRߤଵ ൐ ͳ,QRWKHUZRUGVWKHFROXPQKHDGZLOODWHDFKWLPHEHVDIHUDQ\ZKHUHZLWKLQ
WKHLQWHUYDOݎ א ሺܱǢ ݎଵሻWKDQDWWKHEHJLQQLQJDQGHQGRIWKHFROXPQKHDG&RQVLGHULQJWKDWSDUDPHWHUVݎ௢ǡ ݄௢ǡ ݄ଵ
DUHSUHGHILQHGDQGWKHSDUDPHWHUߤଵLVFRUUHFWO\VHOHFWHGDQGIL[HGWKHQWKHVL]HRIILFWLWLRXVSHQHWUDWLRQVXUIDFHRI
VLPSOHFRQLFDOFROXPQKHDGFDQEHIRUPXODWHGLQJHQHUDOIRUPKDYLQJUHJDUGWRDQGSURSHUWLHVRIWKH
IXQFWLRQߤሺݎሻDVPRUHGHWDLOHGIRUPXOD

ܨሺݎሻ ή ߤሺݎሻ ൌ ሼܨ௢ሺݎ௢ǡ ݄௢ǡ ݄ଵሻ ൅ ʹ ή ߨ ή ݂ሾݎ௢ǡ ݄௢ǡ ݄ଵǡ ݎଵሺݎ௢ǡ ݄௢ǡ ݄ଵǡ ߤଵሻǡ ݎሿሽ ή ߤൣߤଵ൫ݎଵሺݎ௢ǡ ݄௢ǡ ݄ଵሻ൯ǡ ݎ൧

ZKHUHWKHDUJXPHQWLVWKHIUHHYDULDEOHݎDW)LJXUH
2SWLPL]LQJWKHVKDSHRIVLPSOHFRQLFDOSHUKDSVQRORQJHUFRQLFDOKRZHYHUURWDWLRQV\PPHWULFDOFROXPQKHDG
ZLOOPHDQWKHVWDELOLW\RIDQHZILFWLWLRXVSHQHWUDWLRQVXUIDFHܨ෨ሺݎሻ ή ߤሺݎሻDFURVVWKHLQWHUYDOݎ א ۃܱǢ ݎଵۄRUIXOILOPHQW
RIWKHHTXDWLRQܨ෨ሺݎሻ ή ߤሺݎሻ ൌ ܨ௢ ൌ ܨ௡ ή ߤଵ ൌ ܿ݋݊ݏݐǤZKLOHWKHVDPHEHKDYLRXURIWKHIXQFWLRQߤሺݎሻLVH[SHFWHGIRU
FRQLFDODVZHOODVQRQFRQLFDOFROXPQKHDGV,WLVHYLGHQWWKDWWKHVL]HRIFRQVLGHUHGYHUWLFDOSHQHWUDWLRQVXUIDFHܨ෨ሺݎሻ
ZLOODVVKRZQLQFigure 3EHEDVHGRQWKHUHODWLRQܨ෨ሺݎሻ ൌ ሾ݄௢ ൅ ݄ሺݎሻሿ ή ʹ ή ߨ ή ሺݎ௢ ൅ ݎሻZKHUH݄ሺݎሻLVWKHPHULGLDQ
HTXDWLRQRIVWXGLHGVKDSHRIRSWLPL]HGVLPSOHFROXPQKHDG
,IWKHDERYHFRQGLWLRQLVVROYHGZLWKUHJDUGWRWKHUHODWLRQDQGVXEMHFWHGWRVRPHDOJHEUDLFVLPSOLI\LQJWKH
RSWLPL]HGFROXPQKHDGPHULGLDQHTXDWLRQFDQEHGHULYHG

݄ሺݎሻ ൌ ሾఓభήሺ௥భା௥೚ሻିఓሺఓభǡ௥ሻήሺ௥ା௥೚ሻሿ
ఓሺఓభǡ௥ሻήሺ௥ା௥೚ሻ
ή ݄௢ ൌ ቂ
ఓభήሺ௥భା௥೚ሻ
ఓሺఓభǡ௥ሻήሺ௥ା௥೚ሻ
െ ͳቃ ή ݄௢    

&RQVLGHULQJ WKH SUHUHTXLVLWHV DQG DV H[SHFWHG WKH HTXDWLRQ  LV D FRQYH[ IXQFWLRQ ZLWK UHVSHFW WR WKH
V\VWHPሼܱǢ ݎǢ ݄ሺݎሻሽ,WVKRXOGEH³FRQVHUYDWLYHO\³H[SHFWߤ௢ ൌ ߤଵ ൌ ͳLWFDQHDVLO\EHLQIHUUHGWKDWWKHUHODWLRQ
EHFRPHVDVVKRZQXQGHUQDPHO\
809 Radimír Novotný /  Procedia Engineering  161 ( 2016 )  804 – 809 
݄ሺݎሻ ൌ ሺ௥భି௥ሻ
ሺ௥೚ା௥ሻ
ή ݄௢    


)LJ2SWLPL]HG6LPSOH&ROXPQ+HDG0HULGLDQ
,W LVD UDWLRQDO OLQHDUIUDFWLRQDO IXQFWLRQ7KHUHDGHUPD\FKHFNZLWKUHVSHFW WR WKDW ௗ
ௗ௥
݄ሺݎሻ ൌ െ ሺ௥೚ା௥భሻή௛೚
ሺ௥೚ା௥ሻమ
DQG
DFWXDOO\ ௗ
మ
ௗ௥మ
݄ሺݎሻ ൐ ܱKHQFHWKHUHVXOWLVߙ ൌ ቚܽݎܿݐ݃ ቂ௛భ
௥భ
ή ሺ௛೚ା௛భሻ
௛೚
ቃቚ ൐ ߚ ൌ ቚܽݎܿݐ݃ ௛భ
௥భ
ή ௥೚
ሺ௥೚ା௥భሻ
ቚVHH)LJ
&RQFOXVLRQV
7KHSUHVHQWHGSDSHUUHFRPPHQGVWKHPHWKRGRIGHVLJQLQJPHWULFVIRUVLPSOHFRQLFDOFROXPQKHDGVRIFLUFXODU
FROXPQV SURYLGLQJ ORFDO VXSSRUW WR EHDPOHVV UHLQIRUFHG FRQFUHWH VODEV 7KLV FRQFHSW DYRLGV D GHWDLOHG DQG YHU\
FKDOOHQJLQJPDWKHPDWLFDOVROXWLRQRIVWUHVVIORZVWKURXJKFROXPQKHDGDQGLWVYLFLQLW\DVZHOODVWKHRULHVRIIDLOXUH
KRZHYHUXVLQJSULQFLSOHVRIDQDO\VLVLWSURYLGHVWKHRUHWLFDOO\MXVWLILHGDQGVWUDLJKWIRUZDUGJXLGDQFHQRWMXVWKRZWR
GHVLJQVDLGFROXPQKHDGVLQHFRQRPLFDOZD\EXWHYHQKRZWRRSWLPL]HWKHP7RWKLVHQGWKHDXWKRULQWURGXFHVWKH
VSHFLILFWHUPLQRORJ\VXFKDV³VDIHW\IDFWRU´DQG³ILFWLWLRXVSHQHWUDWLRQVXUIDFH´ZKLOHWKHFRQFHSWXDOLGHDDVSURSRVHG
LV±EHVLGHKHDGVKDSHRSWLPL]LQJ±EULHIO\H[SODLQHGDJDLQVXPPDUL]HGLQWKHVHFRQGEXWODVWFKDSWHURIWKLVSDSHU
,WPDNHVLWREYLRXVE\WKHVDPHWRNHQWKDWFROXPQKHDGVDIHW\FULWHULDDUH³DUWLFXODWHG´WKURXJKWKHYHU\³ILFWLWLRXV
SHQHWUDWLRQVXUIDFHV´2IFRXUVHWKHDXWKRULVDZDUHWKDW³VDIHW\IDFWRU´DWWKHEHJLQQLQJRIFROXPQKHDGKDXQFKIURP
VODEWRZDUGFROXPQZKLFKLQIDFWSURYLGHVWKHEDVLVRIKLVFRQFHSWVKRXOGEHGHILQHGLQDSURSHUPDQQHUZKLFK
KRZHYHU LV VXEMHFW WRH[SHULPHQWV DQGH[SHULHQFH7KHVDPHDSSOLHV WR WKHH[SHFWHGEHKDYLRXURI WKLV³IDFWRU´
IXQFWLRQDOWKRXJKZLWK³DELW´ORZHULPSRUWDQFH7KHFROXPQKHDGGHVLJQLQJPHWKRGDVSURSRVHGLQWKLVSDSHUPD\
RIFRXUVHEHLPSOHPHQWHGIRUVLPLODUUHLQIRUFHGFRQFUHWHFROXPQVZLWKQRQFLUFXODUFURVVVHFWLRQ
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